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Abstract
Let G = (V,E) be a finite connected graph. The degree-distance D'(G) of a graph G is
defined as D'(G) = X vicve)ldeg(u) + deg(v)]d(u, v) where deg(w) is the degree of the
vertex w in G and d(u, v) is the distance between u and v. In this paper, we determine the degree-
distance D'(G) for shadow graphs of complete graph, complete bipartite graph and study the
relation between them. Also, it is shown that, the degree-distance of K, is less than the degree-
distance of shadow of K,
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1. Introduction
By a graph G = (V, E), we mean a finite undirected connected graph. The order and size
of G are denoted by n and p respectively. For vertices u and v in a connected graph G, the
distance d(u, v) is the length of a shortest u —v path in G. The degree of a vertex v in a graph G
is the number of edges of G incident with v and is denoted by degg v or deg v. A graph G is
complete if every two distinct vertices of G are adjacent. A complete graph of order n is denoted
by K,. A bipartite graph G is a graph whose vertex set V(G) can be partitioned into two subsets
V1 and V; such that every edge of G joins Vi with Vy; (V1, V>) is called a bipartition of G. If G
contains every edge joining V; and V,, then G is called a complete bipartite graph. The complete
bipartite graph with bipartition (V1, V2) such that |Vil=mand |V,|=nis denoted by Kmn. The
shadow graph S(G) of a connected graph G is constructed by taking two copies of G say G and
G". Join each vertex u" in G’ to the neighbours of the corresponding vertex u” in G". Let
G = (V,E) be a finite connected graph. The degree-distance D'(G) of a graph G is defined as
D'(G) = Yuvieveldegw) + deg(v)]d(u,v) where deg(w) is the degree of the vertex w in

G and d(u, v) is the distance between u and v. The union of two graphs G; =(V1, E;) and
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G, =(V2, Ey) is a graph G(V,E) where V=V; U V; and E= E; U E; .The sum G; + G is the
graph G; U G, together with all the lines joining points of V; to the points of V, . The product
G, X Gy as having V =V; xV, and u = (uy,u,) and v = (v, v,) are adjacent if u; = v; and
u, is adjacent to v, in G, or u, is adjacent to v, in G, and u, = v, . The line graph L(G) of G is
a graph in which the vertices are the lines of G and two points in L(G) are adjacent iff the
corresponding lines are adjacent in G. The degree distance seems to have been considered first
by Dobrynin and Kochetova [1] and practically at the same time by Gutman [2], as a graph-
theoretical descriptor for characterizing alkanes and then the same was studied by various
authors. In the mathematical literature D'(G) was investigated by Tomescu [4]. In this paper, we
determine the degree-distance D'(G) for shadow graphs of complete graph, complete bipartite
graph and study the relation between them.

Throughout this paper G denotes a connected graph with at least two vertices. Our other
notations are standard and taken mainly from [3]

Observation 1.1.[3] K, + K;, = Kyp4n

Observation 1.2. [3] K, + K, = Kin
2. Degree-Distance of Some Graphs

Theorem 2.1. For a complete graph of order n ,the degree distance is n(n — 1)?> where n > 2.
Proof.
Consider a complete graph K,, with n vertices ,
The degree distance of K, is
D'(Kyn) = Xuvevldegu + degv] d(u, v)
=Yuvevln —1+n—1] (1)
=nC,.2(n—1)
Hence D'(K,) =n(n—1)2
Corollary 2.2. The degree distance of a sum of two complete graphs K,, and K,, is
(m+n)(m+n-1)>2 forallmn=>1
Proof.

The proof is obvious by observation 1.1.
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Theorem 2.3. For a complete bipartite graph K, ,, ,the degree distance is mn(3m + 3n —4)
Proof.

D’(Km,n) = Yuverldegu + degv] d(u, v)

= Yuev, vev,[degu + degv] d(u, v) + Xy vev,[degu + degv] d(u, v) +
+ Zu,vEVZ [deg u + deg v] d(u,v)

= Yuev, ver, (M +m) (1) + Xy per,(n + 1) (2) + Xy per,(m +m) (2)
=mn(m +n) + mC,.4n + nC, .4m
=mn(m+n)+2mn(m—-1) + 2mn(n—1)
Hence D'(Kpn)=mn(3m+3n—4)
Corollary 2.4. D'(K,,, + K,,) = mn(3m + 3n — 4)
Proof.
By observation 1.2, D' (K,,, + K,,) = mn(3m + 3n — 4)
Therem 2.5. The degree distance of a product of two complete graphs K,,, and K,, is
mn(m+n — 2)(2mn —m —n)).

Proof.
D'(Km X Ky,) = Yy veyldegu + degv] d(u, v)
= Yuev, vev, xev, [deg(u, v) + deg(w, )] d[(u, v), (w, x)] +
Luver, xev,[deg(u, x) + deg(v, x)] d[(w, x), (v, x)] +
Luvevy,xyev,[deg(u, x) + deg(v, y)] d[(u, x), (v, y)]
= Yuev,vev,xer,(M+n—2+m+n—2)(1) +
Yuver xer,(m+n—2+m+n—-2)(1) +
Yuver xyer,(M+n—2+m+n—2)(2)

=m.nC, 2(m+n—-2)+n.mC,. 2(m+n—2) +
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[ntm— D(n—1D)+n(m-2)(n—1)+--+nn-1)].

4(m+n—2)
=mnm+n—-2)(n—-1+m—1+4+2mn—-2m—2n+2)
Hence D' (K,, X K,,) = mn(m +n —2)(2mn —m —n)
Theorem 2.6. The degree distance of a line graph of a complete graph of n vertices is
(n—2)(n* — 4n3 + 5n% — 2n).
Proof.
D'[L(Kn)] = Xuvevldegu + degv] d(u,v)
= YuveE(K,)& wv adjacent in K, [deg U + degv] d(u, v) +
Y veE (K& up not adjacent in k,|deg U + deg v] d(u, v)
= YuveE(K,)& wv adjacent|2(M — 2) +2(n — 2)]1 +

Zu,veE(Kn)& u,v not adjacent[z(n —2)+2(n- 2)]2

nc,
2

=22 2(n—2) 4(n—2) +2[nC; — 1 - 2(n — 2)] 8(n — 2)

=nC, 4(n—2)2+4.(nC,)*(n—2) —4.nC,(n —2) —
8.nC, (n — 2)?
=m=-2)[2n® -2n? —4n’+4n+n*+n?>-2n®-2n®+2n-—
4n3 + 12n? — 8n]

Hence D'[L(K,)] = (n —2)(n* — 4n3 + 5n% — 2n)

3. Degree-Distance of Some Shadow Graphs

Theorem 3.1.The degree distance of a shadow of a complete graph of order n is

nn—1)(7n—1) forn >3
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Proof.
D'[S(Kn)] = Xuvevldegu + degv] d(u, v)

= Zu,vEV’[deg u+ deg U] d(u’ U) + Zu,vEV” [deg u+ deg U] d(u; U) +
ZuEV’,vEV” &u,v are adjacent[deg u + deg v]d(u,v) +
ZuEV’,vEV”& u,v are not adjacent [deg u + deg v]d(u,v)

=Yuver'@n—=2+2n—-2)14+ Y peyr(n—1+n-1) (2) +
ZuEV’,vEV”& w,v are adjacent(zn —2+n- 1)1 +
ZueV’,veV”& w,v are not adjacent(zn -2+n-1)(2)

=nC, 4n—1)+nC, 4(n—1)+nn—-1).3(n—1) +
n.6(n—1)

=(n—-1)(4n? — 4n + 3n? + 3n)
=(n—-1)(7n* —n)
Hence D'[S(K,)] =n(n—1)(7n—1)
Remark 3.2. D'[S(K,)] = 28 forn =2

Remark 3.3. From theorem 2.1 and 3.1, we can easily observe that ,the degree distance of a
complete graph of order n is less than the degree distance of a shadow of complete graph of n
vertices .

Theorem 3.4. The degree distance of a shadow of complete bipartite graph K,,, ,, is
20mn(m +n) — 12mn .
Proof
D’[S(Km'n)] = Yuverldegu + degv] d(u, v)
= Yuver,ldegu + degv] d(w,v) + X, e,/ [degu + degv] d(u, v)

+ Sy wepy [degu + degv] d(w,v) + 3y ey, r[degu +
degv]d(u,v) + Zu,vevzu[degu + degv] d(u,v) +
ZuEVl",vEVZ"[deg u+degv]d(u,v) + ZueVl',vEVl”[degu +
deg v] d(tt, 1) + Bey, pey, v[degu + degv] d(u, v) +
z:uEVl',vEVz” [degu + degv] d(u,v) + ZuEVZ',vEVl”[deg u+
degv] d(u,v)
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= Ywer, (2n+2n) (2) + Xy per,’ (2m + 2m) (2)
+ e, vey,’ (20 + 2m)(1) + Yupey,” (n+n) (2)
+Xuver,”(M+m)(2) + Xyey, ver,”(n +m) (3)
+ ZuEVl',vevl”(zn +n)(2) + ZuEVZ',veVZ”(zm +m) (2)
+ ZuEVl',vEVZ”(zn +m)(1) + ZuEVz',vevl”(zm +n)(1)

=mc(C, .8n + nC, .8m + 2mn(n + m) + mC, .4n + nC, .4m +
3mn(n+m) + 6m?n+ 6n’m+mn(2n +m) +
mn(2m + n)

= 6[mn(m — 1) + mn(n — 1)] + 14mn(m + n)
= 6mn(m —14+n—-1)+14mn(m + n))
= 4mn(5m + 5n — 3)

Hence D'[S(Kmn)] = 20mn(m +n) — 12mn

Remark 3.5. From theorem 2.3 and 3.4 , we can easily observe that ,the degree distance of a
complete bipartite graph is less than the degree distance of a shadow of a complete bibartite

graph .
Theorem 3.6. D'[S(K,, X K,)] = 4(m +n —2)[2m .nC, + 2n.mC, + mn(n — 1)(m — 1)]

+3(m+n-2)2mn+nn—-—1)+m(m—-1) +
2mn(n — 1)(m — 1)]

Proof.
D'[S(Kp X Kp)] = Xyvev[degu + degv] d(u,v)
= Yuev, wev,' xev,'[deg(u, v) + deg(u, x)] d[(w, v), (u, x)] +
Youver' xev,'[deg(w, x) + deg(v, )] d[(u, x), (v, x)] +
Yuver, xyev,’[deg(w, x) + deg(v, y)] d[(u, x), (v, y)] +

Zuevl”,v,xevz”,[deg(u' v) + deg(u, x)] d[(u: v), (U, x)] +
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Zuver,” xev, [deg(u, x) + deg(v, x)] d[(u, x), (v, x)] +
Zu,vEVl”,x,yEVZ”[deg(ur x) + deg(v, y)] d[(ur x), (v, y)] +

Zuevl',u’evl",veVz',v’EVZ”[deg(u' v) + deg(u" vv)] d[(w,v), (u,: vv)] +

ZuEVl',u’EVl”,vEVZ',xEVz”[deg(u' v) + deg(u’, x)] d[(u, v), (W', x)] +
Duev,’ xen," vev,' vev,” [deg(w, v) + deg(x, v)] d[(u, v), (x, v)] +
Zuevl,’x’evl”,vevz’,y’eVz”[deg(u' v) +deg(x’,y)] d[(u,v), (x", y")]
= Yuev,' vev,' xev,’ZM +2n—4 +2m + 2n—4)1 +
Zu,vEVl',xEVz'(zm +2n—4+4+2m+2n—-4)1+
Yuver, xyev,  Zm+2n—4+2m+2n—4)2 +
Yer," pxey,’(M+n—2+m+n—2)3+
Yver," xev,/(M+Nn—2+m+n—2)2+
2:u,vevl”,x,yevz”(m +n—-2+m+n-2)2+
Yuev, wev," vev, v'en,"CM+2n—4+m+n—2)2 +
Yuev, wev," vev, x'ev,"@m+2n —4+m+n—2)1+

Zuevl',x’evl",vEVZ',v’EVZ”(Zm +2n—4+m+n-2)1+

ZuEVl,’x’EVl”,vEVZ’,y’EVZ"(Zm +2n—4+m+n-—2)2
=m.nCy, 4(m+n—-2)+n.mC,.4(m+n —2)
+n(n—-1)(m-1+m—-2+--+1).8(m+n-2)
+m.nCy, A(m+n—2)+n.mC,.4(m+n—2)

+n(n—-1)(m-14+m—-2+--+1).6(m+n—-2)
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+mn.6(m+n—-2)+nn—-1).3(m+n-2)

+m(m—-1).3(m+n—-2)+nn—-1D(m-1+
m—2+--+1).6(m+n-2)

Hence D'[S(Kp X K,)] =4(m +n —2)[2m.nC, + 2n.mC, + mn
m—1D(m-1D]+3(m+n-2)2mn+nn—-1)
+m(m—1) + 2mn(n—1)(m — 1)]

Theorem 3.7. The degree distance of a shadow of the line graph of a complete graph with n
vertices is n (n — 2) [6n® — 22n? + 30n — 14]

Proof.
D' [S(L(Kn))] Yuvevldegu + degv] d(u,v)

= YwveE (K& uv adjacent |degu + degv] d(u,v) +
Y veE! (Ky)& uv not adjacent |degu + degv] d(u,v) +
ZueE’(Kn),veE”(Kn)& wv adjacent [degu + degv] d(u,v) +
YueE! (K weE" (Ky)& wy not adjacent |degu + degv] d(u,v) +
Yuver! (k) [degu + degv] d(u,v)

= Ywver (K& uv adjacent |4 —2) + 4(n — 2)]1 +
YuveE! (K& wv not adjacent |4 —2) +4(n —2)]2 +
YueE (K weE" (Ky)& wy adjacent [4(M —2) +2(n —2)]1 +
YueE! (K weE" (Ky)& wy not adjacent 14 —2) +2(n —2)]2 +

Yuver” (k) [2(n —2) +2(n — 2)]2

nCz [

—2.2(n—2).8(n—-2)+—=[nC,—1-2(n—-2)].16(n—2) +
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nC, .2(n —2).6(n—2) + {nCy[nC, —1—-2(n—-2)] +
nC,}.12(n — 2) + (nC,)C, .8(n — 2)

=10(n—2) [%4—2713+52i2—n]+6n(n—1)(n—2)+
8. (nC,)C, . (n — 2)

=(n—-2)[5n* —20n3 + 25n2 — 10n + 6n? —6n + n?(n — 1)? —
2n(n —1)]

= (n—2)[5n* —20n% + 31n? — 16n + n* — 2n3 + n? — 2n? +
2n]

Hence D'[S(L(K,))] =n (n—2) [6n® —22n? + 30n — 14]

4.Conclusion.

In this paper we obtained the degree distance of a complete graph ,the sum of two complete
graphs,the sum of a complement of two complete graphs , the line graph of a complete graph and
some shadow graphs. Also it is shown that the degree distance of the complete graph is less than
the degree distance of a shadow of a complete graph.
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